Abstract. Consider a smooth connected algebraic group G acting on a normal projective variety X with an open dense orbit. We show that Aut(X) is a linear algebraic group if so is G; for an arbitrary G, the group of components of Aut(X) is arithmetic. Along the way, we obtain a restrictive condition for G to be the full automorphism group of some normal projective variety.
Introduction
Let X be a projective algebraic variety over an algebraically closed field k. It is known that the automorphism group Aut(X) has a structure of locally algebraic group (see [Gro61, p. 268] . This yields an exact sequence 1 −→ Aut 0 (X) −→ Aut(X) −→ π 0 Aut(X) −→ 1, where Aut 0 (X) is (the group of k-rational points of) a smooth connected algebraic group, and π 0 Aut(X) is a discrete group.
To analyze the structure of Aut(X), one may start by considering the connected automorphism group Aut 0 (X) and the group of components π 0 Aut(X) separately. It turns out that there is no restriction on the former: every smooth connected algebraic group is the connected automorphism group of some normal projective variety X (see [Bri14, Thm. 1] ). In characteristic 0, we may further take X to be smooth by using equivariant resolution of singularities (see e.g. [Kol07, Chap. 3 
]).
By constrast, very little is known on the structure of the group of components. Every finite group G can be obtained in this way, as G is the full automorphism group of some smooth projective curve (see the main result of [MV83] ). But the group of components is generally infinite, and it is unclear how infinite it can be.
The long-standing question whether this group is finitely generated has been recently answered in the negative by Lesieutre. He constructed an example of a smooth projective variety of dimension 6 having a discrete, non-finitely generated automorphism group (see [Les16] ). His construction has been further extended in all dimensions at least 2 by Dinh and Oguiso, see [DO17] . The former result is obtained over an arbitrary field of characteristic 0, while the latter is over the complex numbers. On the positive side, π 0 Aut(X) is known to be finitely presented for some interesting classes of projective varieties, including abelian varieties (see [Bor62] ) and complex hyperkähler manifolds (see [CF18, Thm. 1.5]).
In this article, we obtain three results on automorphism groups, which generalize recent work. The first one goes in the positive direction for almost homogeneous varieties, i.e., those on which a smooth connected algebraic group acts with an open dense orbit. Theorem 1. Let X be a normal projective variety, almost homogeneous under a linear algebraic group. Then Aut(X) is a linear algebraic group as well. , also known as the Tits fibration. But this approach does not extend to positive characteristics, already when X is homogeneous under a semi-simple algebraic group: then any big line bundle on X is ample, but X is generally not Fano (see [HL93] ).
To prove Theorem 1, we construct a normal projective variety X ′ equipped with a birational morphism f : X ′ → X such that the action of Aut(X) on X lifts to an action on X ′ that fixes the isomorphism class of a big line bundle. For this, we use a characteristic-free version of the Tits fibration (Lemma 3.1).
Our second main result goes in the negative direction, as it yields many examples of algebraic groups which cannot be obtained as the automorphism group of a normal projective variety. To state it, we introduce some notation.
Let G be a smooth connected algebraic group. By Chevalley's structure theorem (see [Con02] for a modern proof), there is a unique exact sequence of algebraic groups 1 −→ G aff −→ G −→ A −→ 1, where G aff is a smooth connected affine (or equivalently linear) algebraic group and A is an abelian variety. We denote by Aut G aff gp (G) the group of automorphisms of the algebraic group G which fix G aff pointwise.
Theorem 2. With the above notation, assume that the group Aut
It is easy to show that Aut G aff gp (G) is an arithmetic group, and to construct classes of examples for which this group is infinite, see Remarks 4.3.
If G is an abelian variety, then Aut G aff gp (G) is just its group of automorphisms which fix the origin. In this case, Theorem 2 is due (in essence) to Lombardo and Maffei, see [LM18, Thm. 2.1]. They also obtain a converse over the complex numbers: given an abelian variety G with finite automorphism group, they construct a smooth projective variety X such that Aut(X) = G (see [LM18, Thm. 3.9] ).
Like that of [LM18, Thm. 2.1], the proof of Theorem 2 is based on the existence of a homogeneous fibration of X over an abelian variety, the quotient of A by a finite subgroup scheme. This allows us to construct an action on X of a subgroup of finite index of Aut G aff gp (G), which normalizes G and intersects this group trivially.
When X is almost homogeneous under G, the Albanese morphism provides such a homogeneous fibration, as follows from [Bri10, Thm. 3] . A finer analysis of its automorphisms leads to our third main result.
Theorem 3. Let X be a normal projective variety, almost homogeneous under a smooth connected algebraic group G. Then π 0 Aut(X) is an arithmetic group. In positive characteristics, π 0 Aut(X) is commensurable with Aut These results leave open the question whether every linear algebraic group is the automorphism group of a normal projective variety. Further open questions are discussed in the recent survey [Can18] , in the setting of smooth complex projective varieties.
Next, we present some general results on automorphism groups, refering to [Bri18, Sec. 2] for additional background and details. We begin with a descent lemma for actions of locally algebraic groups, analogous to a result of Blanchard in complex geometry (see also [BSU13, Prop. 4 
.2.1]):
Lemma 2.1. Let f : X → Y be a proper morphism of schemes such that f * (O X ) = O Y . Let G be a locally algebraic group acting on X via α : G×X → X. Then the following conditions are equivalent:
(i) There exists an action β :
Under these conditions, β is unique. Moreover, these hold if G is connected. 
, where the second equality holds since f −1 (V j ) is quasi-compact, and the third one, since
This completes the proof of the existence and uniqueness of the morphism β. That β is an action also follows from the uniqueness assertion in [EGA, II.8.11 ]. More specifically, the morphism β •(e G ×id Y ) : Y → Y is the identity, since its composition with f equals f . Also, denoting by m : G × G → G the multiplication, the morphisms
are equal, since so are their compositions with id G×G ×f (note that id G×G ×f : Finally, (iii) holds when G is connected, as follows from the rigidity lemma in [Mum08, §4] . We now consider the action of automorphisms on line bundles. Given a projective variety X, the Picard group Pic(X) has a canonical structure of locally algebraic group (see [Gro62] ); its group of components, the Néron-Severi group NS(X), is finitely generated by [SGA6, XIII.5.1]. The action of Aut(X) on Pic(X) via pullback extends to an action of the corresponding group functors, and hence is given by a morphism of schemes For any integer n, the space H 0 (X, L ⊗n ) is equipped with a projective representation of the locally algebraic group Aut(X, [L]); moreover, the canonical rational map
(where the right-hand side denotes the projective space of hyperplanes in Consider the ample line bundle A ⊠ A on X × X. We will show that the degrees of the graphs Γ g ⊂ X ×X, where g ∈ G, are bounded independently of g. These graphs form a family of normal irreducible algebraic cycles on X ×X, parameterized by G (a disjoint union of open and closed smooth varieties). This yields a morphism from G to the "Chow variety" Chow X×X , which is an open immersion in view of [Kol99, I.3.17, I.6.3]. Since the cycles of any prescribed degree form a subscheme of finite type of Chow X×X , it follows that G has finitely many components indeed.
We now use the fact that 
Using again the above fact, this yields
Proceeding inductively, we obtain
Since g * L is numerically equivalent to L, this yields the desired bound
Lemma 2.4. Let L be a big line bundle on a normal projective variety X.
, we may assume that
is birational onto its closed image Y 1 . Note that f 1 is G-equivariant and the action of 
′ is a line bundle generated by its subspace of global sections H 0 (X, L), and E is an effective line bundle. Moreover, the action of G on X lifts to an action onX which fixes both classes [L] and [L ′ ]. We now claim that the image of the resulting homomorphism ρ :
In view of Lemma 2.1, it follows that the image of ρ is the reduced intersection of the stabilizer of [L] and the normalizer of the fibered productX × XX . This yields our second claim.
By this claim, we may replace the pair (X, L) with (X, L ′ ); equivalently, we may assume that the big line bundle L is generated by its global sections. The Stein factorization of f 1 : X → Y 1 yields a birational morphism f : X → Y , where Y is a normal projective variety. Then L = f * (M), where M is an ample line bundle on Y ; moreover, f is G-equivariant, since so is f 1 . Also, Aut(X, [L] num ) is an algebraic group by Lemma 2.3. Since G is a closed subgroup of Aut(X, [L] num ), it is algebraic as well. Thus, the image of the homomorphism
As f is birational, the scheme-theoretic kernel of this homomorphism is trivial; this completes the proof.
Finally, we record a classical bigness criterion, for which we could locate no reference in the generality that we need:
Lemma 2.5. Consider an effective Cartier divisor D on a projective variety X and let
Proof. Denote by s ∈ H 0 (X, O X (D)) the canonical section; then f is defined on the open subvariety X s ⊂ X, the complement of the zero locus of s. Let h 1 , . . . , h r be generators of the k-algebra O(U). Then there exist positive integers n 1 , . . . , n r such that h i s
Proof of Theorem 1
We first obtain a characteristic-free analogue of the Tits fibration:
Lemma 3.1. Let G be a connected linear algebraic group, and H a subgroup scheme. For any n ≥ 1, denote by G n the n-th infinitesimal neighborhood of the neutral element e in G.
for all n. Thus, the assertion is equivalent to n≥1 m n = 0. This is proved in [Jan03, I.7.17]; we recall the argument for the reader's convenience. If G is smooth, then O(G) is a noetherian domain, hence the assertion follows from Nakayama's lemma. For an arbitrary G, we have an isomorphism of algebras
where A is a local k-algebra of finite dimension as a k-vector space (see [DG70,  III.3.6.4]). Thus, m = m 1 ⊗1+1⊗m 2 , where m 1 (resp. m 2 ) denotes the maximal ideal of e in O(G red ) (resp. the maximal ideal of A). We may choose an integer N ≥ 1 such that m ⊗ A for all n ≥ N. Since G red is smooth and connected, we have n≥1 m n 1 = 0 by the above step; this yields the assertion.
(ii) Denote by I ⊂ O(G) the ideal of H 0 ; then the ideal of H 0 ∩ G n is I + m n . Consider the action of G on itself by conjugation; this yields a linear
. This is equivalent to
. This decreasing sequence of closed subschemes of G must stop, say at
; the opposite inclusion follows from the fact that G normalizes each G n .
(iii) We have a commutative triangle
where ϕ is a torsor under H/H 0 (a finite constant group), and ψ is a torsor under (ii) If char(k) = p > 0, then G p n is the nth Frobenius kernel of G, as defined for example in [Jan03, I.9.4]; in particular, G p n is a normal infinitesimal subgroup scheme of G. Then the above assertion (i) just means that the union of the iterated Frobenius kernels is dense in G.
We may now prove Theorem 1. Recall its assumptions: X is a normal projective variety on which a smooth connected linear algebraic group G acts with an open dense orbit. Since the variety G is rational, X is unirational and hence its Albanese variety is trivial. By duality, it follows that the Picard variety Pic 0 (X) is trivial as well (see [FGA05, 9.5 .25]). Thus, Pic(X) is discrete, and hence fixed pointwise by the action of the connected algebraic group Aut 0 (X). By Lemma 2.4, this implies that Aut 0 (X) is linear. We may thus assume that G = Aut 0 (X); in particular, G is a normal subgroup of Aut(X). Denote by X 0 ⊂ X the open G-orbit; then X 0 is normalized by Aut(X). Choose x 0 ∈ X 0 (k) and denote by H its scheme-theoretic stabilizer in G. Then we have X 0 = G · x 0 ≃ G/H equivariantly for the G-action. We also have X 0 = Aut(X) · x 0 ≃ Aut(X)/Aut(X, x 0 ) equivariantly for the Aut(X)-action. As a consequence, Aut(X) = G · Aut(X, x 0 ).
Next, choose a positive integer n such that N G (H 0 ) = N G (H 0 ∩G n ) (Lemma 3.1). The action of Aut(X) on G by conjugation normalizes G n and induces a linear representation of Aut(X) in V := O(G n ), a finite-dimensional vector space. The ideal of H 0 ∩ G n is a subspace W 0 ⊂ V , with stabilizer N G (H 0 ) in G. We consider W 0 as a k-rational point of the Grassmannian Grass(V ) parameterizing linear subspaces of V of the appropriate dimension. The linear action of Aut(X) on V yields an action on Grass(V ). The subgroup scheme Aut(X, x 0 ) fixes W 0 , since it normalizes Aut(X, x 0 ) 0 = H 0 . Thus, we obtain
As a consequence, the morphism f :
We may view τ as a rational map X Y . Let X ′ denote the normalization of the graph of this rational map, i.e., of the closure of X 0 embedded diagonally in X × Y . Then X ′ is a normal projective variety equipped with an action of Aut(X) and with an equivariant morphism f : X ′ → X which restricts to an isomorphism above the open orbit X 0 . By Lemma 2.2, the image of Aut(X) in Aut(X ′ ) is closed; thus, it suffices to show that Aut(X ′ ) is a linear algebraic group. So we may assume that τ extends to a morphism X → Y , that we will still denote by τ .
Next, consider the boundary, ∂X := X \ X 0 , that we view as a closed reduced subscheme of X; it is normalized by Aut(X). Thus, the action of Aut(X) on X lifts to an action on the blowing-up of X along ∂X, and on its normalization. Using Lemma 2.2 again, we may further assume that ∂X is the support of an effective Cartier divisor ∆, normalized by Aut(X); thus, the line bundle O X (∆) is Aut(X)-linearized.
We also have an Aut(X)-linearized line bundle M on Y , the pull-back of O(1) under the Plücker embedding of Grass(V ). Thus, there exists a positive integer m and a nonzero section t ∈ H 0 (Y, M ⊗m ) which vanishes identically on the boundary ∂Y :
is an Aut(X)-linearized line bundle on X, equipped with a nonzero section s := τ * (t) which vanishes identically on τ −1 (∂Y ) ⊂ ∂X. Denote by D (resp. E) the divisor of zeroes of s (resp. t). Then D + ∆ is an effective Cartier divisor on X, and we have
Since ∂Y ⊂ Supp(E), we have G · W 0 \ Supp(E) = Y \ Supp(E). The latter is affine as M is ample. Since the morphism f is affine (Lemma 3.1), it follows that X \ Supp(D + ∆) is affine as well. Hence D + ∆ is big (Lemma 2.5).
is Aut(X)-linearized. In view of Lemma 2.4, we conclude that Aut(X) is a linear algebraic group.
Proof of Theorem 2
By [Bri10, Thm. 2], there exists a G-equivariant morphism
for some subgroup scheme H ⊂ G such that H ⊃ G aff and H/G aff is finite; equivalently, H is affine and G/H is an abelian variety. Then the natural map A = G/G aff → G/H is an isogeny. Denote by Y the scheme-theoretic fiber of f at the origin of G/H; then Y is normalized by H, and the action map
This is the fiber bundle associated with the fppf H-torsor G → G/H and the H-scheme Y . The above isomorphism identifies f with the morphism G × H Y → G/H obtained from the projection G × Y → G. We now obtain a reduction to the case where G is anti-affine, i.e., O(G) = k. Recall that G has a largest anti-affine subgroup scheme G ant ; moreover, G ant is smooth, connected and centralizes G (see [DG70, III.3 .8]). We have the Rosenlicht decomposition G = G ant · G aff ; moreover, the scheme-theoretic intersection G ant ∩G aff contains (G ant ) aff , and the quotient (G ant ∩G aff )/(G ant ) aff is finite (see [BSU13, Thm. 3 
.2.3]). As a consequence,
Thus, we obtain an isomorphism of schemes
and an isomorphism of abstract groups
Next, we construct an action of the subgroup Aut
is a fppf H-torsor, and hence a categorical quotient. It follows that there is a unique automorphism δ of G × H Y = X such that the diagram
commutes. Clearly, the assignement γ → δ yields a homomorphism of abstract groups ϕ : Aut Proof. To show both assertions, we may assume that G is anti-affine by using the isomorphism (4.2). Then G is commutative and hence its endomorphisms (as an algebraic group) form a ring, End gp (G). Let γ ∈ Aut H gp (G) such that ψ(γ) = id G/H ; then γ − id G ∈ End gp (G) restricts to the trivial endomorphism of H and takes G to H. Thus, γ − id G factors through a homomorphism G/H → H; but every such homomorphism is trivial, since G/H is an abelian variety and H is affine. So γ − id G = 0, proving the first assertion.
For the second assertion, we may replace H with any larger subgroup scheme K such that K/G aff is finite. By [Bri15, Thm. 1.1], there exists a finite subgroup scheme F ⊂ G such that H = G aff · F . Let n denote the order of F ; then F is contained in the n-torsion subgroup scheme G[n].
We now claim that G yields an exact sequence
Moreover, the image of ρ is finite. Indeed, it is contained in the image of the analogous map End gp (G) → End gp (G[n] ), and the latter image is a finitely generated abelian group (since so is End gp (G) in view of [BSU13, Lem. 5.1.3]) and is n-torsion (since so is End gp (G[n]) ). This completes the proof.
Lemma 4.2. With the above notation, ϕ is injective. Moreover, its image is the subgroup of Aut(X) which normalizes G and centralizes Y ; this subgroup intersects G trivially.
In view of the equivariance of f , it follows that ψ(γ) = id G/H . Thus, γ = id G by Lemma 4.1. So ϕ is injective; we will therefore identify Aut H gp (G) with its image in Aut(X). As already noticed, Aut H gp (G) normalizes G; it also centralizes Y by construction. Conversely, let u ∈ Aut(X) normalizing G and centralizing Y . Since the normalizer of Y in G equals H, the commutator uhu . So the group of units of the finitedimensional Q-algebra R Q := R ⊗ Z Q is a closed subgroup of GL(R Q ) (via the regular representation), and its group of integer points relative to the lattice R ⊂ R Q is just Aut H gp (G). In other terms, Aut H gp (G) is an arithmetic group; it follows e.g. that this group is finitely presented (see [Bor62] ).
(ii) The commensurability class of Aut G aff gp (G) is an isogeny invariant. Consider indeed an isogeny u : G → G ′ , i.e., u is a faithfully flat homomorphism and its kernel F is finite. Then u induces isogenies G aff → G ′ aff and G ant → G ′ ant . In view of Lemma 4.1, we may thus assume that G and G ′ are anti-affine. Then F is contained in the n-torsion subgroup scheme G[n] for some integer n ≥ 1, and this subgroup scheme is finite (as seen in the proof of Lemma 4.1). As a consequence, there exists an isogeny v : multiplication map by n in G) . Then we have a natural homomorphism u * : Aut
which lies in a commutative diagram
where all arrows are injective, and the images of the vertical arrows have finite index (see Lemma 4.1 again). Moreover, the image of the homomorphism v * • u * = (v • u) * = (n G ) * has finite index as well, since this homomorphism is identified with the inclusion of Aut
. This yields our assertion.
(iii) There are many examples of smooth connected algebraic groups G such that Aut G aff gp (G) is infinite. The easiest ones are of the form A × G aff , where A is an abelian variety such that Aut(A, 0) is infinite. To construct further examples, let G be any smooth connnected algebraic group, α : G → A the quotient homomorphism by G aff , and h : A → B a non-zero homomorphism to an abelian variety. Then G ′ := G × B is a smooth connected algebraic group as well, and the assignment (g, b) → (g, b + h(α(g))) defines an automorphism of G ′ of infinite order, which fixes pointwise G ′ aff = G aff .
Proof of Theorem 3
By [Bri10, Thm. 3], the Albanese morphism of X is of the form
where H is an affine subgroup scheme of G containing G aff . Thus, we have as in Section 4
where K := G ant ∩ H, and Y denotes the fiber of f at the origin of G/H. Then Y is a closed subscheme of X, normalized by H.
Lemma 5.1.
(i) G ant is the largest anti-affine subgroup of Aut(X). In particular, G ant is normal in Aut(X). Proof. (i) Let J ⊂ Aut(X) be an anti-affine subgroup scheme. Then J is a central subgroup scheme of Aut 0 (X), and hence so is J · G ant . Since we have O(J ·G ant ) ⊂ O(J ×G ant ), we see that J ·G ant is anti-affine as well. To prove the assertion, we may thus assume that G ant ⊂ J. Then G ′ := G aff · J is a smooth connected subgroup scheme of Aut 0 (X) containing G as a normal subgroup scheme. Since X is almost homogeneous under
By Lemma 2.1, the G-action on X descends to a unique action on X ′ such that g is equivariant. As a consequence, X ′ is a normal projective variety, almost homogeneous under this action, and h is equivariant as well. Let H ′ ⊂ G denote the schemetheoretic stabilizer of a k-rational point of the open G ′ -orbit in X. Then H ′ ⊂ H and the homogeneous space H/H ′ is finite. It follows that H ′ ⊃ G aff , i.e., G/H ′ is an abelian variety. Thus, so is X ′ ; then X ′ = X and h = id by the universal property of the Albanese variety.
(iii) Consider the largest reduced subscheme Y red ⊂ Y . Since K is smooth, it normalizes Y red . Thus, G ant × K Y red may be viewed as a closed subscheme of G ant × K Y = X, with the same k-rational points (since Y red (k) = Y (k)). It follows that X = G ant × K Y red , i.e., Y is reduced. Next, let η :Ỹ → Y denote the normalization map. Then the action of K lifts uniquely to an action onỸ . Moreover, the resulting morphism G ant × KỸ → X is finite and birational, hence an isomorphism. It follows that Y is normal. Since Y is connected and closed in X, it is a projective variety.
It remains to show that Y is almost homogenous under H 0 red =: H ′ (a smooth connected linear algebraic group). Since the homogeneous space H/H ′ is finite, so is the natural map G/H ′ → G/H; as a consequence, this map is an isogeny and G/H ′ is an abelian variety. We have a cartesian square
As a consequence, X ′ is a normal projective variety, almost homogeneous under G. Its open G-orbit intersects Y along an open subvariety, which is unique orbit of H ′ .
We denote by Aut(X, Y ) the normalizer of Y in Aut(X); then Aut(X, Y ) is the stabilizer of the origin for the action of Aut(X) on Alb(X) = G/H. Likewise, we denote by Aut gp (G ant , K) (resp. Aut(Y, K)) the normalizer of K in Aut gp (G ant ) (resp. Aut(Y )).
Lemma 5.2.
(i) There is an exact sequence
(ii) We have a closed immersion
with image consisting of the pairs (γ, v) such that
Proof. (i) Since the normal subgroup scheme G ant of Aut(X) acts transitively
This yields readily the desired exact sequence.
(ii) Let u ∈ Aut(X, Y ), and v its restriction to Y . Since u normalizes G ant , we have u(g · y) = Int(u)(g) g · y = Int(u)(g) · v(y) for all schematic points g ∈ G ant and y ∈ Y . Moreover, u normalizes K, hence Int(u) ∈ Aut gp (G ant , K). Since g · y = gh −1 · h · y for any schematic point h ∈ H, we obtain v(h·y) = Int(u)(h)·v(y), i.e., Int(u) = Int(v) on K. Thus, u is uniquely determined by the pair (γ := Int(u), v), and this pair satisfies the assertion. Conversely, any such pair yields an automorphism u of X normalizing Y , via u(g · y) := γ(g) · v(y).
where I denotes the subgroup of Aut gp (G ant , K) consisting of those γ such that
Proof. By Lemma 5.2 (ii), we have an exact sequence
Moreover, the connected algebraic group Aut(X, Y ) 0 centralizes G ant in view of [BSU13, Lem. 5 To analyze the group I, we consider the homomorphism
Since K is a commutative linear algebraic group, it has a unique decomposition
. Under the latter identification, the image of π is contained in the product of the images of the natural homomorphisms To handle the case where char(k) > 0 and K is no longer assumed smooth, we consider the nth Frobenius kernel I n ⊂ G ant , where n is a positive integer. Then I n ∩ K is the nth Frobenius kernel of K; thus, the image of K in G ant /I n is smooth for n ≫ 0 (see [DG70, III.3.6 .10]). Also, Aut(X) normalizes I n (since it normalizes G ant ), and hence acts on the quotient X/I n . The latter is a normal projective variety, almost homogeneous under G/I n (as follows from the results in [Bri17, §2.4]). Moreover, (G/I n ) ant = G ant /I n and we have
where K/I n ∩ K is smooth for n ≫ 0.
We now claim that the homomorphism Aut(X) → Aut(X/I n ) is bijective on k-rational points. Indeed, every v ∈ Aut(X/I n )(k) extends to a unique automorphism of the function field k(X), since this field is a purely inseparable extension of k(X/I n ). As X is the normalization of X/I n in k(X), this implies the claim.
It follows from this claim that the induced map π 0 Aut(X) → π 0 Aut(X/I n ) is an isomorphism. Likewise, every algebraic group automorphism of G ant induces an automorphism of G ant /I n and the resulting map Aut gp (G ant ) → Aut gp (G ant /I n ) is an isomorphism, which restricts to an isomorphism
This yields a reduction to the case where K is smooth, and hence completes the proof of Theorem 3 in positive characteristics.
It remains to treat the case where char(k) = 0. Then the exact sequence
is classified by a pair of injective homomorphisms
where X * (D) denotes the character group of D, and A stands for the dual abelian variety of A (see [BSU13, §5.5] ). This defines a finitely generated subgroup Λ ⊂ A(k) and a subspace V ⊂ Lie( A). Moreover, Aut gp (G ant ) stabilizes U, and is identified with the subgroup of Aut gp ( A) which stabilizes Λ and V . This identifies I with the subgroup of Aut gp ( A, Λ, V ) consisting of those γ such that γ| V ∈ Aut(Y, K)| V , where Aut(Y, K) acts on V via the dual of its representation in U. Note that Aut(Y, K)| V is an algebraic subgroup of GL(V ).Thus, the proof of Theorem 3 will be completed by the following result due to Gaël Rémond:
Lemma 5.4. Assume that char(k) = 0. Let A be an abelian variety. Let Λ be a finitely generated subgroup of A(k). Let V be a vector subspace of Lie(A). Let G be an algebraic subgroup of GL(V ). Let Γ := {γ ∈ Aut gp (A, Λ, V ) | γ| V ∈ G}.
Then Γ is an arithmetic group.
Proof. By the Lefschetz principle, we may assume that k is a subfield of C.
As k is algebraically closed, there is no difference between the automorphisms of A and those of its extension to C. Thus, we may assume that k = C.
We denote W := Lie(A), L ⊂ W its period lattice, and L ′ the subgroup of W containing L such that Λ = L ′ /L; then L ′ is a free abelian group of finite rank. Let
If we choose bases of L and L
′ of rank r and s say then this inclusion reads GL r (Z) × GL s (Z) ⊂ GL r (Q) × GL s (Q). We see G ′ as the group of Q-points of the algebraic group GL r × GL s over Q. To show that Γ is arithmetic, it suffices to show that it is isomorphic with the intersection in G ′ of Γ ′ with the Q-points of some algebraic subgroup G ′′ of GL r × GL s defined over Q.
Now it is enough to ensure that G ′′ (Q) is the set of pairs (ϕ, ψ) ∈ G ′ satisfying the following conditions (where ϕ R stands for the extension ϕ ⊗ id R of ϕ to W = L ⊗ R) :
(1) ϕ R is a C-linear endomorphism of W ,
Indeed, if (ϕ, ψ) ∈ Γ ′ satisfies these five conditions then ϕ ∈ Aut(L) induces an automorphism of A thanks to (1), it stabilizes Λ ⊗ Q because of (2) and then Λ itself by (3), since ψ ∈ Aut(L ′ ). With (4) it stabilizes V and (5) yields that it lies in Γ.
We are thus reduced to showing that these five conditions define an algebraic subgroup of GL r × GL s (over Q). But the subset of M r (Q) × M s (Q) consisting of pairs (ϕ, ψ) satisfying (1), (2) and (3) is a sub-Q-algebra, so its group of invertible elements comes indeed from an algebraic subgroup of GL r × GL s over Q.
On the other hand, (4) and (5) clearly define an algebraic subgroup of GL r × GL s over R. But as we are only interested in Q-points, we may replace this algebraic subgroup by the (Zariski) closure of its intersection with the Qpoints GL r (Q) × GL s (Q). This closure is an algebraic subgroup of GL r × GL s over Q and the Q-points are the same. 
